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The concern of this paper is with the asymptotic behavior of the solutions 
of some nonlinear systems of integro-differential equations that occur, quite 
often, in the study of nonlinear control systems with time-delay and/or dis- 
tributed-parameter elements. 
INTRODUCTION 
1. The purpose of this paper is to investigate he absolute stability of control 
systems characterized by nonlinear integro-differential equations with time- 
delay. We consider the case that the relationship between the error signal and 
the state variable is given in the form of a convolution i tegral. Specifically, 
we investigate the systems characterized by the following difference- 
differential equations: 
(, x'(t) = Ax(t)  -~- Bx(t  --  -r) + b~[a(t)], 
wherein 
and 
~(t) =z(o  + fl ~(t - ~) x(,) d,, 0.1) 
t 
x'(t) : Ax(t)  + Bx(t  -- T) + f l(t - -  u) q~[a(u)] du + b¢[a(t)], 
o 
1 
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wherein 
=f(0 + f'o cT(u)x(t - u )au ,  (1.3) 
where x(t), c(t) and l(t) are n-dimensional time-dependent vectors, A and B 
are n × n constant matrices, b is n × 1 constant vector, a and f are scalar 
functions and c r denotes the transpose of c. These systems can be reduced 
to nonlinear integral equations of the type 
a(t) = ~(t) + f k(t -- u)~[a(u)] du, 
0 
which has been studied by C. Corduneanu (1963), Nohel and Levin (1965), 
Levin (1965), among others. The main results of this paper are stated in the 
form of Theorems 3 and 4. 
PREL IMINARIES  
2. Equation (1) can be written (Bellman and Cooke, 1963) as the integral 
equation 
0 e 
x(t) = X(t) x(O) @ f X(t  -- "r -- u) Bx(u) du @ J X(t  bl) b¢[~(u)] du, 
--'r 0 
t > 0 (2.1) 
where X(t) is the fundamental matrix of solutions of the homogeneous system 
x'(t) = Ax(t) -t- Bx(t --  -r), t > 0 
with the initial condition X(O) = I, the identity matrix and X(t) = 0 for 
t < O. Let 
0 / *  
~(t) = x ( t )  x(O) + | x( t  - .~ - u) Bx(u) au. 
Substitution, accordingly, in Eq. (2.1) gives 
f x(t) = ~(t) + X(t  --  u) b~[a(u)] du, (2.2) 0 
wherein 
t 
. ( t)  = f ( t )  + f ~( t  - u) x(u) du. 
0 
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It is easily verified that system (2.2)-(1.1) can be reduced into 




~(t) = f ( t )  + f cr(t -- u) ¢(u) du 
0 
t 
k(t) = f c~(s) x ( t  - s)b as. 
o 
(2.3) 
It has been shown by C. Corduneanu (1963) that the integral Eq. (2.3) has 
a solution, and every solution a(t) tends to zero as t -+ ov under the following 
conditions: 
THEOREM 2. 
(i) ~:(t), ~:'(t)eLl(O , c~); 
(ii) k(t), k'(t) eLl(O, co) c~L2(O , ~);  
(iii) ¢(a) is continuous and bounded for all a ~ R, R being the real line and 
~¢(o) > o for ~ ~ 0; 
(iv) there exists a q >/0 such that Re{(1 + iwq) k(iw)) ~ O for all real w, 
where fe(iw) = fo k(t) e - iwt  dr. 
~¢IAIN RESULTS 
3. With respect o the objectives of this paper, we state the conditions under 
which the distributed-parameter systems with time-delay, (1)-(1.1) and 
(1.2)-(1.3) are absolutely stable. 
THEOREM 3. Suppose (1.0)-(1.1) satisfy the following conditions: 
(i) the equation det(A + e-a*B -- M) = 0 has all its roots in the semi 
plane Re A ~ --c~ < 0; 
(ii) a) the vector function c(t) is defined for all t >/0 and is such that 
c(t) eLa(O , ~)  C~Le(O, ~);  
b) f ( t)  is defined for t ~ 0 and is such that f(t),  i f (t)  eLl(O, Go); 
(iii) ¢(a) is continuous and bounded for all a ~ R and ~¢(a) > O for ~ 4= 0; 
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(iv) there exists a q ~ 0 suck that 
Re{(1 + iwq) gT(iw)(iwI - -  n --  Be~W';) -~ b) ~ O, 
where gr(iw) = ~o CT(t) e-~W~ at. 
Then the system of equations (1.0)-(1.1) is absolutely stable. 
Proof. We shall prove this theorem by demonstrating that the conditions 
of Theorem 2 are satisfied. By definition 
t *  t n t 
~(t) ~- f ( t )  -}- ~ cT(t - -  U) ¢(U) du = f ( t )  @ | cr(u) ¢(t - -  u) du. 
d o ~ o 
From condition (ii) we know that f(t), c(t) eLI(O , or). The definition of ~b(t), 
together with condition (i) implies that ¢(t) eLi(0, oe). Thus the convolution 
product of cr(t) and ¢(t) also belongs to LI(0, oe) (Titchmarsh, 1959). There- 
fore, ~(t) ~LI(0, or). Further, 
t 
~'(t) =f ' ( t )  @ f0 cr(u) ~b'(t - -  u) du. (3.1) 
This also belongs to Lt(0, co) because ach term of Eq. (3.1) belongs to 
La(0, or). Thus condition (i) of Theorem 2 is satisfied. Consider now 
t ~ t 
k(t) = f cT(s) X( t  - -  s) ds and k'(t) = ~ cr(s) X ' ( t  - -  s) ds. 
0 o 0 
We know that c(t) ~ LI(O , or) n L2(0 , oo) and from condition (i) X(t)  belongs 
to L~(0, or) r3 L2(0 , ~). From the fact that the convolution product of cT(s) 
and X(t)  belongs toL~(0, oo) n L2(0 , oo) we have k(t) ELl(0, oo). By a similar 
argument it can be seen that k' ( t )~LI (O , o~)C~L2(O , Go) and condition (ii) 
of Theorem 2 is satisfied. Condition (iii) of this theorem is the same as (iii) 
in Theorem 2. Noting that the Fourier transform of the convolutoin product 
is equal to the product of the Fourier transforms (Halanay, 1965), we have 
k(iw) = gr(iw)(iwI - -  A --  Beiw') -~ b. 
From assumption (iv) of the theorem, we obtain 
Re{(1 + i~q)~(i~)} < 0, 
whieh is condition (iv) of Theorem 2. Hence, from Theorem 2 the absolute 
stability of system (1.0)-(1.1) follows. 
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4. Equation (1.2) can be written as (Bellman and Cooke, 1963), 
0 fl 
x(t) = x ( t )  x(o) + ~ x ( t  - ~ - u) B~(u) & + X( t  - -  u) bCMu)] & 
Define, ¢(t) = X(t)x(O) --}- f°_TX(t-- r -- u) Bx(u)du. Then Eq. (4.1) 
becomes 
t 
4t) = ¢(t) + f x(t  - .) b¢Mu)] & 
0 
q- fro X( t -  u) f :  l ( t -  s)¢[,7(s)] ds du. (4.2) 
Knowing that the convolution product commutes, part of Eq. (4.2) can be 
reduced as follows: 
f2x ( t -  u) f :  l ( t -  s)¢[a(s)] ds du = f: X(u) fi-~Z(t--u--s)~o[(~(s)]dsdu 
-  f~ f* -~x( . ) l ( t - . -s )¢[ . ( , ) ]a ,a .  
0 0 
f~ y-~x(.) l(, . s)¢Eo(,)] a.a,. 
0 0 (4.3) 
Let kl(t ) = I~ X(t -- s) l(s) ds. Then Eq. (4.3) can be written as 
f f  f* ~-~ x( t  - ,  - . )  l ( . )  ,h, as = k~(t - -  ~) ¢Ms)] as. 0 0 0 
Hence, Eq. (4.2) becomes 
x(t) = ¢(t) @ fro X(t - u)b(@r(u))du -+- f l  kl(t --u)¢[a(u)] du, 
or  
p~ 
X(t) ¢(t) q- Jo k~(t  - -  u)  ¢[~(u)] d., 
where k2(t ) = X(t)b q- kl(t ). 
(4.4) 
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Now substituting Eq. (4.4) into (1.3) we have 
(r(t) =f ( t )  q- f cr(t -- u) ¢(u) du 
0 
Define 
~(t) = f ( t )  -4- f t  cr(t --  U) ¢(u) du. 
~0 
(4.5) 
Then Eq. (4.5) can be written as 
t t - -u  
,~(t) = ~(t) + f f d(u) h~(t - u - s) ¢[,~(s)] as du. 
0 0 
Let k(t) -~ fto cT(u) k.(t - -  u) du. Then Eq. (4.6) becomes 
~(t) -- ~(t) + fro h ( t -  u)¢r,~(.)] du, 
(4.6) 
which is the same as the nonlinear integral Eq. (2.3) which we obtained from 
system (1.0)-(1.1). 




T~IEOREM 4. Suppose that the system with lag time (1.2)-(1.3) satisfies the 
following conditions: 
(i) the equation det(A q- e -a" -- M) = 0 has all its roots in the semiplane 
Re A ~< - -a  < 0; 
a) c( t ) is defined for t >/0 and is such that c( t ) ~ LI( O , oo) r3 L2( O , oo); 
b) f ( t)  is defined for t ~ 0 and is such that f(t),  i f(t) ~LI(0 , oo) r3 
c) z(t) is defined for t >~ 0 and is such that l(t) ~ LI(O, ~)  n L~(O, ~); 
(iii) ¢(a) is continuous and bounded for a ~ R, R being the real line and 
a¢(a) > O for a # O; 
(iv) there exists a q >/0 such that 
Re{(1 + iwq) gr(iw)(iwI --  A -- Be'w*)-l(b +/(iw))} < 0, 




e~(i~) = f d(t) e-~* 
o 
o9 
i(iw) = f g(t) e -~ dr. 
0 
Then the system of Eqs. (1.2)-(1.3) is absolutely stable. 
Proof. This theorem will also be proven by demonstrating that the 
conditions of Theorem 2 are satisfied. By definition, 
~:(t) =f ( t )  + f~ cr(t - -  u) ~(u) du, 
dO 
where 
/ i  0 
~(t) = x(t )  x(o) + [ x ( t  - ~ - u) Bx(u) du. 
- -T  
From the hypothesis of the theorem, 
f ( t )  and c(t) ~LI(O , oo) n L2(O , oo). 
Also ~(t)eLl(0, oo)c~L2(0 , oo), because of the fact that X(t)eLI (O , oo)n  
L~(0, oo) (from condition (i)) and the fact that x(t) is continuous function for 
te  [-~-, 0]. 
Further, 
~,(t) = j '(t) + Yo c~(u) ¢'(t - u) du. 
By similar argument it is easy to see that ~'(t) e L~(0, oo) C~ La(O , oo). Thus 
condition (i) of Theorem 2 holds. By definition, 
with 
and 
k(t) = foCr(U) k~(t - u)du 
k2(t) = X(t)b +kl ( t ) ,  
kl(t) = x ( t  
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It is given that X(t), c(t) and l(t) eLl(O , ~)  n Lz(O, ~).  Also 
kl(t ) E LI(0 , oo) f~ L2(0, oo), 
because ach of its terms belongs to LI(0 , ~)  n L2(0, oo) which implies that 
k2(t) eLl(O , or)nL2(0 , ~) .  Thus k(t)eLl(0, ~)(~L2(0, or) because the 
convolution product of er(t) and k2(t) also belongs to LI(0 , oo) (h L2(0 , ~) ,  
(see Titchmarsh, 1959). Further, 




k~'(t) = X'(t) @ k2'(t )
t 
kl'(t) = | X'(t  - -  s) l(s) ds. 
. t  
0 
By similar argument it can be seen that k'(t)eL~(O, oo)c~L2(O, oe). Thus, 
condition (ii) of Theorem 2 is satisfied. Condition (iii) of Theorem 2 is the 
same as condition (iii) of this theorem. It can be shown that the Fourier 
transform of k(t) is given by 
k(iw) = ~r(iw)[iwI- A -- Be'~q-X(b q- [(iw)). 
From hypothesis (iv) of the theorem we have 
Re{(1 -]- iwq)/~(iw)} ~ 0, 
which satisfies condition (iv) of Theorem 2. Therefore, we conclude that 
system (1.2)7(1.3) with time lag is absolutely stable. 
Remarks. (i) The assumption that ¢(a) is bounded for a ~ R can be 
eliminated if we assume the condition of Desoer (1965), a lower bound for 
(1/~)¢(~). That is, (l/a) ¢(a) >~ e > 0, for cr ~ 0. 
(ii) If ¢(a) is vector bounded, that is, 
0 <,  ~<!¢(~) < K, for ~#o,  
(Y 
then the right side of condition (iv) of Theorems 2 and 4 can be replaced 
by 1/K. 
REeEIW~: April 27, 1970 
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